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We present the complete off-shell structure of conformal supergravity in ten dimensions. It
is based on 128 + 128 degrees of freedom and its formulation requires differential constraints. We 
study how these constraints are resolved in four and five dimensions. Covariant conditions are 
given that restrict conformal supergravity o its on-shell Poincar6 counterpart. In ten dimensions 
the relationship between the two theories has new and unusual aspects, which we explore in a 
variety of ways. We rewrite on-shell Poincar6 supergravity in a superconformally invariant form, 
from which we deduce that its off-shell version must contain at least a scalar (chiral) multiplet. 
We analyze some aspects of the non-linear structure of the field representation based on the 
conformal fields combined with one scalar multiplet. 
1. Introduction and summary 
Conformal  invar iance is the highest degree of space- t ime symmetry  that a field 
theory  without d imensional  parameters  can have. The superconformal  t ransforma-  
t ions are the supersymmetr ic  general izat ion of this symmetry.  In four d imensions 
they consist of the conformal  t ransformat ions and two different kinds of supersym- 
metr ies,  cal led Q and S supersymmetry .  In extended supersymmetry  one has N 
independent  invar iances of each type; in addit ion,  a closed algebraic structure 
requires to include chiral (S)U(N)  t ransformat ions as well. In conformal  (or Weyl)  
supergravity the role that these symmetr ies  play is that they al low the definit ion 
of an off-shell irreducible field representat ion containing the spin-2 gravitat ional  
fields. This mult ip let  of fields is cal led the Wey l  mult ip let;  it contains the gauge 
fields of the superconformal  symmetr ies  and forms a representat ion f the supercon-  
formal  algebra. For  N ~< 4 these mult ip lets have been presented in [1-4]. 
The N = 1 and N = 2 Wey l  mult ip lets in four d imensions have been useful in 
clarifying the off-shell structure of theor ies possessing a lesser degree of gauge 
invariance, such as N- - -1  and N = 2 Poincar~ supergravity [5, 6]. The reason is 
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that one can view the off-shell Poincar6 supergravity fields as constructed out of 
the Weyl multiplet and a number of so-called compensating supermultiplets. 
Inequivalent field representations of Poincar6 supergravity differ in the choice of 
the compensating supermultiplets, but always contain the Weyl multiplet. Although 
the resulting field representation is thus reducible with respect to the superconformal 
symmetries, it is gauge equivalent to  an irreducible field representation of the 
super-Poincar6 symmetries. To see that this is indeed the case, it is most convenient 
to impose a number of gauge conditions. Those conditions fix the values of the 
compensating fields, thereby directly reducing the gauge invariances to those of 
the super-Poincar6 theory. This construction of Poincar6 theories in a superconfor- 
mal framework requires knowledge of a variety of superconformal multiplets, which 
can be used to provide the necessary compensating fields when coupled to conformal 
supergravity. For N = 4 not much is known about such multiplets and therefore 
the compensating mechanism has not been applied in this case, but results have 
been given in five dimensions [7]. 
In this paper we consider an implementation of superconformal ideas in the 
context of supergravity in ten dimensions. In particular, we present he full non- 
linear structure of conformal supergravity, and study its relation with Poincar6 
supergravity. Our hope is that by studying conformal supergravity in another context 
than the familiar four-dimensional one we may learn something about the way in 
which the conformal theories can be realized for N > 4. The construction of the 
Weyl multiplet is based on an analysis of the supermultiplet of currents which 
describe the coupling of supersymmetric matter to supergravity. The reason for 
going to ten dimensions is that supersymmetric matter exists only for d ~< 10 (or 
equivalently d = 4, N ~< 4) so that this is the highest-dimensional supergravity heory 
tha~ can be constructed in this way. 
The linearized transformation rules of the d = 10 Weyl multiplet were already 
found in [8] from an analysis of the d = 10 Maxwell supercurrent. This supercurrent 
is reducible; it contains a submultiplet of 128+128 components, whereas the 
remaining degrees of freedom form a constrained scalar (chiral) superfield. In the 
non-abelian case the scalar superfield part of the current is unconstrained [9]. The 
128+ 128 current submultiplet is associated with the fields of conformal super- 
gravity, because it is the smallest off-shell multiplet that contains the energy- 
momentum tensor. Indeed, these currents atisfy the constraints hat are appropriate 
for currents that couple to superconformal gauge fields. However, a non-trivial 
aspect is that the decomposition f the d = 10 supercurrent into its two submultiplets 
is realized in a non-local way. As a consequence the linear transformation rules of 
the d = 10 Weyl multiplet contain non-local terms. In order to construct he 
complete non-linear theory one first has to decide how to deal with this complication. 
In this paper we show how to avoid the non-local character of the transformations 
by introducing new fields which are subject o differential constraints. Hence these 
fields do not represent new degrees of freedom. We call them would-be compensat- 
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ing fields, because they exhibit transformations that are typical for compensating 
fields; however, because of the constraints their usefulness i rather limited. 
The presence of the differential constraints is a departure from the four- 
dimensional situation. In four dimensions the superconformal gauge transforma- 
tions alone are sufficient o restrict he fields to the irreducible Weyl multiplet. For 
reasons that we do not systematically understand these transformations o longer 
suffice in a higher dimensional context and one is forced to introduce differential 
constraints as well. To exhibit the difference with the conventional situation one 
may reduce the d = 10 Weyl multiplet to lower space-time dimensions. In this 
paper we shall demonstrate how the differential constraints on the would-be 
compensators are resolved in the reduction to four and five dimensions. In both 
cases the resulting N = 4 conformal supergravity theory is based on 128+ 128 
degrees of freedom, and the constraints are avoided by absorbing the differential 
operators into the definition of the various fields. Another crucial step in the 
elimination of the constraints i provided by the introduction of new internal gauge 
transformations corresponding to Sp(4) or SU(4) for d = 5 or 4, respectively. The 
five-dimensional conformal supergravity theory has not been given before. It is 
straightforward to show that this theory is, in fact, gauge equivalent to the super- 
gravity theory proposed in [10]. 
Our construction of the Weyl multiplet emphasizes irreducibility of the field 
representation rather than its possible origin as a gauge theory based on a superal- 
gebra of abstract generators. We should point out that also in d = 4 the relation 
between the superconformal lgebras and conformal supergravity is not very direct 
(for a review, see [11]). Only for N = 1 the gauge fields themselves correspond 
directly to the Weyl multiplet, but if N > 1 one has to introduce additional matter 
fields which bear no direct relationship to the underlying enerator algebra. Recently 
a d = 10 superconformal algebra has been considered [ 12]; besides the conventional 
superconformal generators this algebra contains many bosonic generators which 
are absent in our formulation. It is at present unclear whether there exists a relation 
between this algebra and our results, but if there is one, it may shed some light on 
the differential constraints. 
Although the presence of the differential constraints presents an obstacle for a 
straightforward application of the compensating mechanism, it does not prevent 
us from constructing invariants, either for conformal supergravity itself, or for 
conformal supergravity coupled to matter. For instance, we discuss the full non- 
linear coupling of conformal supergravity to d = 10 supersymmetric Yang-Mills 
theory [13]. It turns out that its fields indeed define an (on-shell) representation 
of the full algebra of superconformal gauge transformations. We compare this result 
to previous on-shell constructions of Einstein-Yang-Mills upergravity [14, 15]. 
This can be done because there is an intrinsic relation between the Weyl multiplet 
and on-shell Poincar6 supergravity. We shall present a set of covariant conditions 
that restrict he Weyl multiplet accordingly. These conditions are not the ones that 
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one might expect from experience infour dimensions, and this clarifies the apparent 
discrepancy noted before [7, 10, 15] that the supercurrent in higher dimensions 
does not seem to contain the components hat are required for a coupling to all 
the physical Poincar6 supergravity fields. Because the Weyl multiplet represents 
the on-shell structure of Poincar6 supergravity it can be used in the discussion of 
on-shell invariant counterterms, precisely as in four dimensions [16]. Nevertheless 
the relationship between the superconformal and the super-Poincar6 theory remains 
considerably more subtle in ten dimensions. For instance, if we describe the on-shell 
Poincar6 theory in terms of a six-rank antisymmetric gauge field [14] rather than 
the more conventional two-rank field [15, 17], this theory is described in terms of 
the same fields as (off-shell) conformal supergravity. Somewhat surprisingly, it is 
also possible to write the Q-supersymmetry ansformations of the superconformal 
multiplet in such a way that they take on the same form as the Poincar6 supersym- 
metry transformations. In this paper we shall discuss these aspects of the relationship 
between Poincar6 and Weyl supergravity in detail. 
It is possible to exploit his relationship nthe search for possible off-shell versions 
of Poincar6 supergravity. By introducing two compensating fields it is generally 
possible to rewrite the known Poincar6 supergravity lagrangian i  such a way that 
it becomes invariant under local dilatations and S supersymmetry. The superconfor- 
real transformations of the compensating fields can be deduced from the supersym- 
metry transformations of the Poincar6 fields combined with the knowledge of 
conformal supergravity and the relation between the two theories. It turns out this 
new form of the lagrangian reveals a structure where the compensating fields 
multiply the differential constraint equations of the superconformal theory as 
Lagrange multipliers. One can also show that these Lagrange multipliers must be 
contained in a scalar (chiral) multiplet.. Consequently the same must be true for 
the constraints, in the sense that at least a subset of them must transform as the 
components of a scalar multiplet. By introducing new degrees of freedom corres- 
ponding to the constraints one may now obtain an unconstrained field representation 
consisting of the 128 + 128 components of the Weyl multiplet with an extra submulti- 
plet. The latter should be viewed as a supersymmetric generalization f the differen- 
tial constraints, which when put to zero restrict he fields to conformal supergravity. 
In this way we have relaxed the requirement of irreducibility in a way consistent 
with supersymmetry which brings us outside the context of pure conformal super- 
gravity. 
The above arguments show that an off-shell field representation for d = 10 
Poincar6 supergravity in terms of which one may formulate an invariant action 
should be based on a multiplet hat contains at least a scalar submultiplet besides 
the superconformal fields. Therefore, the min imal  field representation contains 
precisely the fields that couple to the Yang-Mills supercurrent [8, 9]. In addition 
we find at least one independent scalar multiplet of Lagrange multipliers. In principle 
it is straightforward to avoid the differential constraints by introducing new degrees 
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of freedom. After ignoring the constraints one adds new fields in the transformation 
laws of the superconformal fields whose variations are then required to reestablish 
the closure of the superconformal algebra. Subsequently the results may be com- 
pleted by iteration. It is not obvious that such a program will be successful for the 
full non-linear theory, although there are no conceivable problems at the linearized 
level. A crucial point is that the original commutation relations of the superconfor- 
mal algebra will be modified by terms that contain the new fields. We investigate 
some of the non-linear aspects of the field representation with only a scalar 
submultiplet. We find a number of non-linear modifications associated with this 
submultiplet, and at this stage a completion along these lines seems perfectly 
possible. These results are in fact relevant for the recently obtained off-shell 
formulation of linearized = 10 Poincar6 supergravity [9]. 
Based on the above arguments it is possible to obtain a complete superconformally 
invariant version of the Poincar6 action; after imposing the appropriate superconfor- 
mal gauge conditions one obtains a Poincar6 supergravity action with its auxiliary 
fields. For the minimal extension of the field representation the results are expected 
to coincide with those of [9]. This is confirmed by a calculation of some of the new 
terms in the action, which has many of the same ingredients, although the supercon- 
formal scheme leads to a different arrangement of terms. 
The article is organized as follows. In sect. 2 we discuss conformal gravity in d 
dimensions. We explain how to construct conformally invariant actions by means 
of would-be compensators which are subject o differential constraints. In sect. 3 
we present the complete non-linear multiplet of ten-dimensional conformal super- 
gravity. Furthermore we construct a linearized superconformal action for the Weyl 
multiplet. In sect. 4 we give the reduction to lower space-time dimensions. Section 
5 is devoted to a discussion of various aspects of the relation between Poincar6 
and conformal supergravity in ten dimensions. The coupling of conformal super- 
gravity to the supersymmetric Yang-Mills theory is presented and compared to 
Einstein-Yang-Mills supergravity. In sect. 6 we discuss a superconformal formula- 
tion of Poincar6 supergravity, which brings us outside the context of pure conformal 
supergravity. Some technical details are relegated to two appendices. Throughout 
this paper we employ the notation of [15]. 
2. Conformai gravity in d dimensions 
It is possible to view conformal gravity as the gauge theory of SO(d, 2), the group 
of conformal transformations i  d space-time dimensions. The ½(d + 2)(d + 1) gen- 
erators of these transformations correspond to d infinitesimal translations (Pa), 
1 d ~d( -1 )  infinitesimal Lorentz transformations (M,a,), d infinitesimal conformal 
boosts (Ka) and the infinitesimal dilatation (D), to which one assigns the gauge 
fields e~, ~, a to~ b, f ,  and b~,. Their transformations follow from SO(d, 2), and take 
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a a a 
6e~, = ~,Ae  - Aoe~, , 
ab 6oa~, = 2A~%~ bl , 
6b~, = O~,Ao + At~%~, a , 
~fl~ ~ a a ,  a ~AIc  +Aof~ (2.1) 
where Ae a, Ar  a and AD denote the parameters of P, K and D transformations. 
The Lorentz transformations follow directly from the assignment of the Lorentz 
indices a, b = 1, 2 . . . . .  d; the derivatives ~ are covariant with respect o Lorentz 
(M) and scale transformations (D). Covariant curvature tensors for these fields 
take the following form: 
R~f  (P) = ~t~,e~l a , 
R. f  b (M)  = O[~m~] ab a~ cb --¢0[~, m,,] -- 2fb,[ae~,] b] , 
R~,~(D ) = Ot .b~]-  f [ .aev{'  ,
R~, f (K )  = ~J,,{', (2.2) 
and satisfy the standard Bianchi identities. 
This gauge theory is thus based on ½(d + 2)(d + 1)(d - 1) field degrees of freedom. 
However, its SO(d, 2) gauge group is as yet unrelated to reparametrizations of 
space-time, governed by independent general coordinate transformations which 
transform gauge fields as covariant vectors. In order to convert his theory into a 
gauge theory of space-time transformations, one imposes a set of conventional 
constraints that algebraically express ome of the gauge fields in terms of the others. 
There is a unique set of curvature constraints of this type which preserves all 
SO(d, 2) transformations except P: 
R j (P )  = 0, 
R~, fb (M)e  ~b = 0,  (2.3) 
where e ~'a is the inverse of e,, a. The first constraint expresses oJ, ab in terms of e, a 
and b~, and the second one restricts )ca in a similar way. Although oJ~, ab and f a are 
no longer independent their M, K and D transformations remain the same, since 
the constraints are invariant under those symmetries. The P transformation rules 
change, however, but it is simple to show that those variations are no longer 
independent, and can be uniformly expressed as a general coordinate transformation 
augmented by field-dependent M, K, and D transformations. Therefore, P transfor- 
mations can be discarded, and we have now obtained a gauge theory of space-time 
transformations in which e~, a is identified as the (inverse) d-bein field. The dilatation 
gauge field b~, remains as a second independent field. Since b, is the only independent 
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field transforming under K, the K transformations of the dependent fields to, ab 
and f,~ are thus generated by the variation of b, in the corresponding expressions. 
Combining the constraints (2.3) with the Bianchi identities on the curvatures 
(2.2) leads to the equations 
R,v(D)  = O, 
R [~ ab (M)eo] b = O, 
~toR~.vl ~b (M)  - 2etpt~R,~lb3(K) = 0. (2.4) 
½(a This shows that the remaining +1)(d-2)  field degrees of freedom can be 
expressed entirely in terms of the curvature tensor R,~ ~b (M). We have thus obtained 
conformal gravity as a theory of a pure spin 2; indeed massive spin-2 states have 
½(d + 1)(d- 2) helicity components in d dimensions. 
The fact that the degrees of freedom coincide with those of a massive spin-2 
particle confirms that we have not yet imposed equations of motion which would 
restrict he fields to take values on the light cone. The restriction of the fields to 
the irreducible representation f highest spin is a characteristic feature of conformal 
gravity, which is achieved by introducing all the gauge invariances of the conformal 
group. Actually, this is analogous to what happens for standard gauge theories of 
the Yang-Mills type, where the gauge fields are restricted to d -  1 degrees of 
freedom corresponding to the massive spin-1 representation f the Poincar6 group; 
in that case gauge invariance removes one degree of freedom of the vector potential. 
Hence extra gauge invariance can be used to restrict a field representation to a 
higher degree of irreducibility, although as we shall see in this paper it is not always 
sufficient for maximal irreducibility. 
It is possible to couple conformal gravity to matter multiplets in the standard 
way. An important role is played by derivatives that are covariant with respect o 
M, K and D transformations. A single covariant derivative for a K-inert matter 
field is easy to construct. For instance, for a scalar ~b or a spinor X with Weyl 
weight w, we have 
D,4~ = ~,4~ = (0,, - wb,,)4, , 
D,~. = ~.X  = (O. _ ~to.1 ab,-.l ,~b -wb. )x .  (2,5) 
However, to construct a second-order derivative one must also consider the K 
transformations of D~.~b and D.X, generated by their dependence on w. ~b and b.. 
It is straightforward to find 
-wAr  ¢~ , 
6 r  (Dox ) = (½F~Fb - ( w + ½)6~b )XA r b . (2.6) 
Therefore, we have 
D.D~O = (0. - (w + 1)b.)D~O ~b - to ,  Db~b +wf ,  d). (2.7) 
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TO construct invariant actions for ~b and X, one considers the K variation of the 
conformal d'alembertian and the Dirac operator 
8x (19"Dack ) = (d - 2 - 2 w )A KaDad~ ,
-~-  w)Ax  F,O¢. (2.8) 
Hence for a scalar field with w = ½(d- 2) the d'alembertian is K invariant, and 
the lagrangian 
0c e~b [~c~b (2.9) 
1 d leads to a conformally invariant action; for a spinor with w = ~( - 1) the conformally 
invariant action follows from 
0~ oc e~]~X . (2.10) 
The high degree of gauge invariance of conformal gravity seems to restrict the 
variety of invariant actions. However, this is not quite so, because one may introduce 
extra degrees of freedom in the form of matter fields. Such fields, which are called 
compensating fields, enable one to write actions in a conformally invariant way 
that are gauge equivalent to actions that are usually not considered to be of the 
conformal type. For instance, the action corresponding to (2.9) is gauge equivalent 
to Einstein gravity in d dimensions, as one can show directly by imposing a set of 
gauge conditions that break D and K symmetry, 
b~, =0,  ~b =K -1 , (2.11) 
and by realizing that the term f,"d~ 2 in (2.9) becomes the standard Ricci scalar. 
This. follows from the second constraint (2.3) which implies 
2 1 
f"" =d----2 R"~(e)  (d -1 ) (d -2)  e, f lR(e)  , (2.12) 
where we have already suppressed the dependence on b, according to (2.11). The 
dimensionful constant K, which is related to Newton's constant, is put equal to one 
henceforth. 
The compensating fields also play a role when coupling matter to conformal 
gravity for matter actions Which are not manifestly scale invariant. For example, 
Maxwell's theory in d dimensions has a conformally invariant action corresponding 
to 
= -¼ec~ 2(d-4)/(d-2)(O~, A v - 0~)2 ,  (2.13) 
where d~ is the compensating scalar. 
There is an alternative way for constructing a large variety of actions without 
the need for introducing new degrees of freedom, which entails differential con- 
straints. This can be clone by means of a would-be compensator which is subject 
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to a constraint, As we shall see in the next section such a construction arises 
naturally in the context of d = 10 conformal supergravity. As an illustration consider 
1 d a scalar field ~ with w = ~( - 2), which is restricted by an invariant condition 
l-lCq~ = 0. (2.14) 
It is important to understand that (2.14) does not imply that ~b is a massless field, 
but instead it restricts part of the K gauge field according to 
2 ~_ l@a~af~.  (2.15) 
f~'"= d -2  
On the other hand, f,~" is already restricted by the conventional constraints (2.3), 
which leads to (2.12). Therefore 4~ is related to the d-bein fields by a differential 
constraint. It can be shown that the constraints (2.3) together with (2.14) describe 
the ½(d + 1)(d - 2) states of massive spin 2. 
One can now construct conformally invariant actions by using 4~ as a compensating 
field, disregarding the fact that 4~ is restricted. An example of a conformally invariant 
lagrangian is
~__  ~. v p o'.t2(d--4)/(d-2)lt ~ abiit~'llo cd[ i i \  
ocee[a ebecea]w ax,v ~vx )axo~ ~vl ) . (2.16) 
This is the generalization of the d = 4 conformal gravity action to d dimensions. 
In d = 4 the dependence on ~b disappears, o that the differential constraint can be 
ignored. The lagrangian (2.16) can also be expressed in terms of a redefined -bein 
field which is inert under dilatations 
(e a)new__ th2/(d-2) e a (2.17) 
In this case (2.16) no longer depends on ~. However, (2.14) then takes on the form 
R (e"¢") = 0. (2.18) 
On using the conventional constraint (2.3) (or by substituting the solution of the 
f~a equation of motion) (2.16) becomes 
38d-3  [ _2e ~,v 4 (~-  ) ] ,ZoC R~,v(e)R (e) l :R2(e) ~2(d-4) / (d-2) .  (2.19) 
A field ~b that satisfies (2.14) cannot be used to construct a conformal invariant 
which is gauge equivalent to Einstein gravity. For that purpose one still needs an 
independent compensating field. Its action which we have given in (2.9) does not 
contain the would-be compensating field so that the constraint (2.14) does not play 
a role. 
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3. Conformal supergravity in ten dimensions 
In this section we present he complete non-linear multiplet of ten-dimensional 
conformal supergravity. The starting point for its construction is the off-shell 
multiplet of fields which is conjugate to the Maxwell supercurrent. Let us therefore 
briefly review the structure of the supercurrent multiplet. 
The d = 10 Maxwell theory [13] is described by the lagrangian density 
= -~ ' ,  ,F "~ - ½;~x~X, (3.1) 
where ;t" is a chiral Majorana spinor; (3.1) is inv.ariant under the supersymmetry 
transformations 
6A. = ! ~F 2e ,,~, 6X =-¼F'+"F~,,,e. (3.2) 
The energy-momentum tensor and the supersymmetry current are given by 
O,~ = 4F ,~F~ - 6 .~F  2 + g (F~, Ov + Fv0~) X , (3.3) 
J ,  = r.vr x, (3.4) 
which are conserved but not (gamma-)traceless. The components ofthe supercurrent 
are found by considering successive variations of J~,, using (3.2) and the Maxwell 
field equations (the variation of 0~,~ contains only J~, itself). The complete structure 
of the supercurrent was analyzed in ref. [8]. It was found that this off-shell multiplet 
consists of 5760+5760 bosonic+fermionic components, but that it is reducible 
and contains a submultiplet with only 128 + 128 = 2 s components. The remaining 
5632+5632=44×2 s degrees of freedom form a constrained scalar (chiral) 
superfield. In the non-abelian case [9] the scalar superfield part of the current is 
unconstrained, and the multiplet hen contains all 2 t6 components of the scalar 
superfield, plus of course the 2 s degrees of freedom of the submultiplet. 
For our present purposes it is sufficient to study the variation of J,.. One finds [15] 
aJ ,  = -~F~eO, ,  - ~F,  x,...a+e Wx,...~+  ~6F,.O.F°°~eXo~.. (3.5) 
Here we have defined 
= ~FE,~Fo,~] + r~ac~,Xvo~], (3.6) WoLvo~ l 1 
X~o = £F~,~px . (3.7) 
The variations of 0~,~ and W~,~o~ equal 
60~,~ = 2gF(~,A OAJv) , 
= . J ) .  (3.8) 
Therefore the currents 0,,~, J,, and W~,~, would form a multiplet, were it not for 
the variation of J,, into X~o.  The  number of degrees of freedom at this stage is 
129 bosonic (0,,~, W, ,~)  and 144 fermionic (J~,). 
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TO obtain a supermultiplet based on these currents one should somehow suppress 
the third term in the variation (3.5). This can be done by introducing a gauge 
transformation which acts on J ,  according to 
8J .  = F.vO,l j (x ) , (3.9) 
where ¢(x) is an arbitrary space-time dependent spinorial parameter. This transfor- 
mation reduces the number of fermionic degrees of freedom to 128. However, 
supersymmetry does not commute with (3.9); this leads to a second gauge transfor- 
mation which acts on 0.v: 
80.~ (x ) = (8.~ [] - O. O~)A (x ) , (3.10) 
with A (x) a space-time dependent scalar parameter, The number of bosonic degrees 
of freedom is now also reduced to 128, and one has indeed obtained a full 
supermultiplet. 
At this point one may proceed in two different ways. Either one defines the 
multiplet in terms of a subset of current components that are inert under the 
transformations (3.9) and (3.10), or one directly constructs a supermultiplet based 
on the full currents, In the latter approach the gauge fields that couple to these 
currents must be subject o constraints induced by the need to keep this coupling 
invariant under (3.9) and (3,10). These constraints are (linearized) 
F"~ O.4J. = O, 
[qh..  - 0~. O ~h.~ = 0, (3.11) 
where 4t~. is the gravitino field and h~ represents the deviation of the symmetric 
part of the 10-bein field from its flat-space value. Hence we expect hat the fields 
of ten-dimensional conformal supergravity are subject o differential constraints, 
a property that we have already alluded to in the previous ection. 
For the moment we will follow the first approach, which has been given in [8], 
but it turns out that the formulation of the theory that we will obtain encompasses 
both options in a natural way. The currents invariant under (3.9) and (3.10) are 
precisely the (gamma-)traceless parts of J .  and 0.~, together with the full W.vo.., 
This signals the fact that now the gauge fields will acquire extra gauge transforma- 
tions, namely dilatations and S supersymmetry (linearized) 
8h. , . (x  ) = -8~., .Ao(x ) , 
8~,. (x ) = -F,~rl(x ) . (3.12) 
The fields and their linearized supersymmetry transformations take the following 
form: 
a 1 -  a 
8e~ = ~eF 4t , ,  
80 .  = ~.(to(e))e +F.x ' '~ ' ,  e O~,A~,2...A. , 
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1 1 1 ,v 
8ax,...x6=-~d { ~Ft~r..AsOx,]-~gFx,...x6 ~ ~F a,O.} . (3.13) 
The non-locality in 8Axr..x~ is not surprising and is due to the fact that we had to 
project out the traceless parts of J ,  and O,.. Compared to the original formulation 
of this multiplet [8] we find it advantageous to use a 6-index rather than a 4-index 
tensor gauge feld; this tensor gauge field has corresponding gauge transformations 
8A~,...A~ = OtA~:A2...xd. (3.14) 
Before we proceed from (3.13) to the complete non-linear theory, we must first 
decide how to deal with the non-local term in 8A. It occurs in the combination 
1 ~ _,~ 
= a.O , (3.15) 
which suggests that we introduce a new field A subject o the constraint (linearized) 
~'h +~r'"vO,0, =0. (3.16) 
Hence A does not represent a new degree of freedom. According to (3.15) it 
transforms under O and S supersymmetry: 
1 ~R(e)e !,-x,...x7 ~-  - 6A . . . . .  18 [] 3~ e oA~.'i~2...~'- r/, (3.17) 
This shows that the introduction of A does not suffice to remove the non-local 
terms. We also need a scalar field (linearized) 
11  
- -0R  , o-= 9 (e) (3.18) 
where R (e) is the standard Ricci scalar whose linearized form is 
R (e) = Dh,,, - a,  a~h,v. 
The variation of (3.18) gives 
1 ~- -U-v  "t- 8o" = -~g~ F 0.0. Ao 
1- A =~e +Ao, (3.19) 
so that the non-locality has indeed been absorbed in the new fields A and o-. 
Summarizing, the result is 
a 1 -  a e, = ~eT' ~ , ,  
80. = ~.  (~o (e ) )e + F. x~'''"'e oA~Aa,...AT -- F.rl , 
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3 
8A., . . . . .  = 4" 6! {~Fe.,....~O..] + gF.~...,~X } + 0t,,~.2....6], 
3 1 E OAI~]kA2.--A7 + 77 , 
8~:  ~x .  (3.20) 
The algebra closes on all fields with the constraints (linearized) 
,~X +~r"va,,O~ =0, (3.21a) 
F-]tr +~R (e) = 0. (3.21b) 
It is now clear that the linearized theory can be viewed in two different ways. Either 
we solve (3.21) and substitute the result for I and tr into the transformation rules. 
This gives rise to (3.13). Or we express the theory in terms of fields that are inert 
under S and D transformations. In the linearized theory that is done by making 
the redefinitions 
(0.)"°" = 0.  + F.A, 
(e~) "~" = exp (o')e~" , (3.22) 
in which case the restrictions (3.21) can be written as differential constraints 
expressed entirely in terms of the new fields which coincide with (3.11). This thus 
leads to the second formulation discussed at the beginning of this section. 
In the construction of the complete non-linear theory it is convenient to first 
define the gauge fields associated with all the local symmetries of the multiplet 
(3.20). For the dilatations and Lorentz transformations this is rather straightforward, 
since we can directly reconcile the conformal gravity theory of the previous ection 
with the structure of the transformation rules (3.20) and the constraint (3.21b). 
The gauge field of the local Lorentz tranformations has its usual form in terms of 
the zehnbein derivative, and the dilatational gauge field b, is introduced at the 
expense of introducing the local conformal boosts. The constraint on o- then takes 
the form of a conformal d'alembertian; indeed if we introduce the gauge field f ."  
associated with K transformations a in the previous section we see that (3.21b) 
can be rewritten as 
[Bcr +f . "  = 0,  (3.23) 
which is just the linearized form of the restriction for a would-be compensator field 
[cf. (2,12) and (2,14)]. We must now also define a gauge field O. associated with 
S supersymmetry. Guided by the experience with four-dimensional superconformal 
gravity, we choose 
~,~ = ~(F  "°F~, - 7F .F  vo)Oj/. , (3.24) 
which transforms under S supersymmetry according to 
8s4~. = o.•. (3.25) 
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With this condition the constraint (3.21a) can now be written as 
~A -F'~O,, = 0, (3.26) 
so that (3.2 la) can be viewed as the linearized form of an appropriately covariantized 
Dirac equation on h. 
We now assign Weyl weights to all the fields in the multiplet, and make the 
transformation rules (3.20) consistent with dilatations by introducing appropriate 
powers of the scalar field 0 = exp (wtr). Choosing the standard weight -1  for e,  ~ 
all other weights are essentially determined, and we have 
tl 
w(e,~ )=-1 ,  w(0,)  =-½,  w(Axl...A6) = 0, 
w(h) = +½, w(O) = w. (3.27) 
The Q and S transformations of b, can be determined by requiring that the 
commutator of a Q and an S transformation closes in the same manner as on the 
other fields. For instance on the zehnbein one finds 
8 1 1-  x+8 " l (Fab  \ [8o(e), 8s01)] = ot-~*/e) M~e ~7). (3.28) 
This is obtained on b,, as well if we assign to b~, the folloing transformations: 
8b~ 1- a = ~eO~, -½~0,  +O,Ao +e,  Axa,  (3.29) 
where we have included the transformations under dilatations and conformal boosts. 
Note that the transformations on b, are only determined modulo a field-dependent 
K transformation, because b~, acts as the compensating field for this symmetry. In 
four dimensions the transformation f b, takes on the same form. There (3.29) can 
be related to the super-algebra SU(2, 211). For the set of bosonic and fermionic 
symmetries which are operative in the multiplet (3.20) we do not have an underlying 
gauge algebra. Generalizations of the four-dimensional SU(2, 211) algebra have 
been found for all dimensions allowing Majorana spinors [12], but they contain 
many more bosonic symmetries than appear to be present in (3.20), and therefore 
cannot be immediately implemented. It is at present unclear whether or not there 
exists a relation between the algebras of [12] and our results. 
As a first step towards the complete non-linear theory one covariantizes all 
derivatives in (3.20) with respect o dilatations, local Lorentz transformations, and 
Q and S supersymmetry. We also introduce covariant curvatures 
R, ,  ~ (P) = ~[u~ejd a - -  l d~FaOv ' 
~1"''~.7 R, , . tQ)  =~t, ,O,q-Ft ,~O,q+Ft,  O,]R (A)~r..xTO -6/w , 
6/w ! -  
R (A)xl...~7 = Ot~Ax~...~7]- 436~ & {20~x,F~...A60~] + Otx~Fx~...~3h }, (3.30) 
where derivatives ~,  are covariant with respect to dilatations and Lorentz transfor- 
mations. One realizes that (3.23) is just the linearized form of the curvature 
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constraint 
r"R.~(O) = 0 ,  (3.31) 
and we now define the full ~,, to be the solution of (3.31). Similarly, o~,, ab will be 
the solution of 
R, , f  (P) = 0, (3.32) 
with R (P) given by (3.30). The transformation rules of ~o~ ab are now determined 
by (3.32), and lead to the covariant curvature R~b(M~, ,. The K gauge field f,a is 
then determined by 
ab v b • R,,, (m)e = 0 (3.33) 
These three constraints are all of the conventional type because they algebraically 
restrict certain gauge fields. They are the direct generalizations of the conventional 
constraints in four-dimensional conformal supergravity. 
Before applying the iterative procedure which will lead to the complete transfor- 
mation rules, we modify (3.20) by adding an R (A )- dependent S supersymmetry 
transformation. This transformation is chosen in such a way that the final result 
shows most clearly the relation to Poincar6 supergravity with a 6-index gauge field 
[14]. We shall come back to this relationship in sect. 5. 
The complete non-linear transformation rules under Q and S supersymmetry 
take on the following form: 
a 1 ~Fa~ 
8e.  = ~e ~ , 
8~//a. = ~E "Jr- 1¢~ -6 /w (F~,F(7) _ 2F(7)F,)eR (A ) (7 )  
21-  a + 1 ~F(5) .  r', A - izeF ~FaA 1-~e ~1(5) 
3 ir  r(3)+4F~3)F~)e XF(3)A -F~,r/, 
3 6/w- 
8A = 2_~ ~b-l~& e ~F(7)eR~AX .&-6/w -- 12 ~ ./(7)q ,p + ~,  
8& = ½w~X&. (3.34) 
The derivatives D,, are completely supercovariant. The conventional constraints 
retain the same form which implies that he dependent fields &,, and f,a are changed 
accordingly by higher-order terms. The constraints (3.21) do develop non-linear 
modifications other than covariantizations. The fermionic constraint, which is 
needed to close the algebra on $,,, now reads 
.[~A + 4 ~b - 1,[~bX - ½/'(7)AR (A)(v)~b -6 /~ = 0 .  (3.35) 
w 
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The bosonic constraint is not needed to close the algebra on the fundamental fields 
(3.34), but follows from (3.35) by a Q transformation 
e ~ '~,  (O -1D,O ) + 4 (O _ 1D=~ b )2 + 2240 wO -12/w R (A).  R (A) 
W 
+ 4wd~ -6/WR (A)(7)AF(7)A = 0. (3.36) 
A further O variation of (3.36) yields a derivative on (3.35). Of course, (3.35) and 
(3.36) are S and K invariant. The latter is obvious from the fact that the derivative 
terms can be written as O-4/~D~(O4/~A) and ¼wO-4/w(EJO4/~); as discussed in the 
previous section the Dirac and the d'Alembertian operators are K inert when 
acting on spinors of weight 29- and scalars of weight 4, respectively. 
The algebra of O and S transformations i  (3.34) closes modulo field-dependent 
transformations and the constraint (3.35). The algebra takes on the following form: 
[8o(el), 8o(e2)] 
1 - o. 21  - a 1 - (5 )  +~%-~6e2F e ~F~s)h) t$o(-i-~eEF elFaA = ~e 2F e 1D~ + 
+ 8M(~e2 (FabF (7)+ F(7)F ab - 4F[aF(7)Fb])e 10-6/WR (A)~7) 
3 - ,FabF(3) + F(3)Fab + 8Ft,F(3)FbJ)e 1XF~3)A) + T~ge 2~ 
+ SA -A - -~ dp6/We2Fm...~e,~ + Ss{ 3e2Fae lFd ~A 
4"0 .  / 
7 . /18 + ~e2F e 1 ~--~- qb -lll~q~FaA +3F(7)FaA~b -6/WR (A)(7) 
+ 24 F= (O - 1/3~A - 1F(7)AR (A)(7)0 -6/w )) 
W ! 
1 - ,~(5) ,~  ,--[ 6 + F(7)FaA&-6/~R (A)(7)) }+ 8r(A 1 ~) 
[8o(~), 8s(n)] 
¢~ 1-  1 -  ab  
= r,(--~ne)+SM(~eT' n) 
1 ; - a + 8s (~(- 102 (n~),~ + 9(OF(2~e )F(2),~ + ~(OF(4)e )F(4),~ )) + 8K (A 2), 
[Ss(nl), 8s(n2)] = 8K(O2F~nl). (3.37) 
The commutators of a fermionic and a bosonic transformation, and of two bosonic 
transformations are not modified. The field-dependent K transformations i  (3.37) 
can be seen only on b~, and on derived quantities uch as curvatures through their 
dependence on b~,. Therefore the explicit form of A 1 ~ and A2 a is not of particular 
interest. For completeness we present some of the transformations of the dependent 
fields. To determine these one needs the explicit expressions for the covariant 
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curvatures. The curvatures R (Q) and R (M) take on the form 
1 (7) (7) - -6 /w R.~(Q)=~E.~v~-F~,~4"~1+~(FE.F -2F  FE.)Ov14" R(A)(7) 
21-  a 1 7 /',(5)_1. r ,  A + ~0t .F  0~',~X - 2--r~,t,, ~v~ (5) 
+ 3(Ft.F(a) + 4F(a)Ft.)~v1AF(3)A, (3.38) 
at: b ,,~ [a..e b]  ~ l_..~ i .nab t R.~,ab(M) = O[.to,.] ab -to[ .  to,,lc - , 'e [ .  1~,] -,-2~.,[.~ q',,l 
- 4"t. {½F~,~b (Q) +FtaR,,lbl(Q) 
+ ~(FabF (7) + Ft7)F '~b - 4FtaFt7)F b])o,q4" -6/WR (A)(7) 
+ 3-3-~F~'bF(3)128~ + F(3)F at' + 81;taF(a)Fbl)o,,~AFo)A } , (3.39) 
while R (P) is given by (3.30). The transformation rules of to,~b are .(O, S and K)  
~to ab  1 -  ab  1 -  - [a  b]  =-~eF 4'. +~eF.R~b(Q)+eF R .  (Q) 
+ ~ (F~bF (7) + F(7)F ab - 4F[~F(7)Ft'])~b.4'-6/WR (A)(7) 
q_ 3 - / rvab  r . , (3  ) __ r'~(3 ) r . ,ab i~et~ ~ ~-~ ~ +8FC°Fta)Fbl)O.TtFo)A 
1-F~b-- +2AriSe. bl (3.40) - ~r /  q / .  
The explicit form for 4'. in terms of the fundamental fields is easily obtained from 
(3.31) using the linearized form (3.24) and the complete expression (3.38) for 
R.~(Q).  The S and K transformations of 4'. are 
84'. = ~r~ -~-2(2F.F (7) - 3F(7)F.)r14" -6/WR (A)(7) 
+ ~(4F .F° )  + 9F°)F . ) r  IAFo)A 
+ 0.dependent terms + ½AK~F~d/.. (3.41) 
We will not give the Q transformation rule, which is quite lengthy, nor the 
transformation rules of/=.~. 
In the derivation of (3.34) and (3.37) one needs the variations of R(A)  and 
4'-ID~O. For the convenience of the reader we give these explicitly (Q, S and K 
transformations): 
8(4'-1D,,4') 1 - = ~weDaA - lw4" -6/w~ (2FaF(7) _ F(7)Fa)AR (A)(7) 
1 - -- ~wrIFaA - WAKa , (3.42) 
3 6/w 
8R (A )a~. .... =4-"-~... 4" [-~':ff [ar"asRa6a7]( Q ) + eF[ar"a~4"-6/"'DaT](4" 6/wA )
+ 3XFt~,...a6(raTiF (3)+ 4F(3)ra7])e AF(3)A 
1 - (7) (7) -6 /w + ~ZFta~. .. . (Fa7~l-" - 2F F,~)e4" R (A)(7)- ~F,,,...a~A ]. (3.43) 
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We have presented the complete off-shell supergravity heory in terms of a multiplet 
of fields, involving two unconventional constraints. We remark that the constraint 
(3.36) on 4, is just the supersymmetrie g neralization f the constraint (2.14), which 
we have introduced in conformal gravity to be able to construct invariant actions 
in arbitrary dimensions. In the superconformal context he would-be compensating 
fields ~b and it are already required to obtain the irreducible, massive field rep- 
resentation of the supersymmetry algebra containing the gravitational field. 
As in conformal gravity, the would-be compensators also enable us to write down 
invariant actions. To conclude this section we construct an invariant for the fields 
of the linearized superconformal multiplet. We start from a lagrangian which is 
invariant under the linearized transformation rules (3.13). It takes on the form 
L~ = -7 (R .~ (e)R.~ (e) - ~R 2(e )) 
7 - 1 - ~v FXO 
+ 2205R (A)xl...x~U]R (A)xl ..-x7. (3.44) 
Here 4~,~ =#[,g~]. The gravitational part corresponds to (2.19) for d = 10. To 
proceed from (3.44) to an action that is invariant under the transformation rules 
(3.34) is in principle straightforward, but algebraically complicated. One first brings 
(3.44) in a form which contains the full superconformal curvatures, and which is 
invariant under dilatations and conformal boosts. The result is 
e- l .~  3 t~ v A p ab cd 6/w =~e[,,ebe~ealR.~ (M)Rxo (M)~b -R"~(Q)R.~(S)¢~ 6/~ +2205R(A),w..,~ ~ 
X (DR (A)ar..aT- ~(~b-10[ax~ b ) OaSR (A)~2...~s]) tfi -6/~ (3.45) 
However, (3.45) is not invariant under the full O and S transformations (3.34), 
because the non-linear terms in (3.34) generate non-linear contributions to the 
transformation rules of the curvatures, whicla require additional terms in (3.45). 
We shall not complete this analysis, but merely point out that there is no essential 
obstacle in the extension of (3.45) to a full superconformal invariant. Thus the 
situation is similar to d = 4, N = 3, 4 where only the terms quadratic in the fields 
in the superconformal action are known. 
4. Dimensional reduction of ten-dimensional conformai supergravity 
The main difference between ten-dimensional conformal supergravity and its 
four-dimensional counterpart is that the first theory has differential constraints. 
However, in both cases conformal supergravity is based on a unique irreducible 
supermultiplet involving raviton and gravitino states, and because these multiplets 
have an equal number of states we expect that they are related by means of a 
rather straightforward dimensional reduction. This section is therefore devoted to 
reductions of d = 10 conformal supergravity in order to exhibit how the differential 
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constraints are resolved. Since superconformal gravity has not yet been formulated 
in five dimensions, we prefer to concentrate on the reduction to five dimensions. 
The theory that emerges has unconstrained fields, and turns out to be gauge 
equivalent to the five-dimensional theory of Howe and LindstrSm [10]. This is to 
be expected because the latter is also based on an irreducible multiplet of 128 + 128 
degrees of freedom, and it was in fact obtained from the five-dimensional supercur- 
rent. We should add that the corresponding problem of the reduction of the 
ten-dimensional supercurrent has been discussed in [8]. 
In the reduction to five dimensions the fields only depend on the coordinates of 
a five-dimensional Minkowski subspace. Vector indices in this space are denoted 
by tt (/x = 1 , . . . ,  5) and the remaining ones by s (s = 1 . . . . .  5). Consequently we 
restrict he ten-dimensional Lorentz transformations to SO(4, 1) × SO(5), which act 
on the spinors according to the covering roup Sp(2, 2) x Sp(4). The decomposition 
of the gamma matrices into two mutually commuting sets can be expressed by the 
tensor products 
F"  = o'~ ® 3"" ® ~, (ix = 1 . . . . .  5), 
Fs+~ =o-2® ~® 3"~, ( s= l  . . . . .  5), (4.1) 
where o'~ and tr2 are the Pauli matrices, and 3",, and 3"~ are the gamma matrices in 
five dimensions. Choosing a representation in which 
we have 
7[s3"t3"u3"v3"w ] = ]es tuvw , 
3"[,3"v7o3",~/,3 = ~e``~m,.~, (4 .2 )  
F 11 = -o'3 ® ~ ® 9. (4.3) 
Since the 32-component spinors of the ten-dimensional theory are chiral, (4.3) 
shows that they take values in either the first or the last sixteen components. Hence 
we can use 16-dimensional spinors, in which case the o-matrices no longer occur 
explicitly. The spinors remain Majorana fields, and the 16 x 16 charge conjugation 
--1 C T T matrix C is symmetric and satisfies C 3"`` = 3' , ,  C -13gC = 3', .  
With these definitions it is straightforward toobtain the linearized transformation 
rules in five dimensions. The definition of the fields with their Sp(4) or SO(5) 
representation content and the linearized gauge transformations is indicated in 
table 1. The linearized supersymmetry transformations follow from (3.34) and read 
as follows: 
8h``, = ¼e(3"``~b, + 3"~``), 
8h`` =~et3"``qJ - 3' ~u,). 
8h ~' = -~ ie  (3" "q,' + 3"e, ~) , 
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TABLE 1 
Decomposition of the d = 10 conformal supergravity fields to five dimensions 
d = 10 d = 5 SO(5) or Sp(4) Gauge transformations 
ha~ h,," 5 8h~, ~ = #~,A ~ 
h '~ 14 + 1 8h 't = --SStAD 
o" cr 1 do '=Ao 
A .  1 8A~ = O.~ 
Aar..a6 A , f  10 8A,~f  = 0x~:f~.~x] "t 
Oa @~, 4 8@. = O~,e - y.rt 
tk' 16+4 8~, ~ = - iy~/  
h h 4 8A = n 
80" 
8A~. 
8A, . /  






1-  s = ge (y~,Ys0 + i¢&. + 6i%,A), 
I -- / • S t~ $ $ 
= r~e (--l%.vy ~Ut + 23' Yt.@~] + 63' %.~) ,  
1 . ," s tw~ • S t  • S t  = ~e ~y,.~y tV. + ty,~.py @p + 6ty,.~y A), 
1 . • [s t] st st 
= izE ( -2 ty .y  t# + Y,,~Y ~ + 63,.3, X), 
1.~,h  s 1 - + =~,e-~t~ ~, yse +~(y~R -2R %,)e, 
= _½y~.Ot~h. l~e  1. st + ~l ~h yte + ¼i(ySR-+ 2R+yS)e , 
= ½,~o'e i R -  (4.4) 
where we have used the definition 
R ±= +ty  OE~A~]-2e ~ ~'~°"y~y~a.~A.2.~ ~ 
iy"ystO~A~f + ysta . A ~' , (4.5) 
As we shall see shortly V, f  =-- O,A~,,f will play the role of the gauge field associated 
with the Sp(4) internal symmetry. Therefore, we redefine @~ such that V. St occurs 
in its Q variation as part of an Sp(4) covariant derivative on the parameter e. This 
leads to a corresponding redefinition of h . .  in order that it transforms under 
supersymrnetry into the redefined Rarita-Schwinger field only. Both redefinitions 
are unique if one requires that the $ and D transformations remain unaffected, 
and we find 
.~w 3. '+5 iA) ,  0.  --, (e,.) = 0 .  -z~v.(rs~ 
h.v ~ (h.~) = 3 ,s .~w h.~, +~8,~,,(h +5o,).  (4.6) 
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In terms of these fields the differential constraints (3.35), (3.36)take the form 
y '~O,@~ + 2 i~(ys4 J  s + 3iA) = 0,  
[~h~., - O,. 0~h,.~ - 2[~(h s' + 3o-) = 0. (4.7) 
We identify the lowest-dimensional spinor A by the requirement that it does not 
transform into V,f. This yields 
A = V~b s + 9iA. (4.8) 
The lowest-dimensional real scalar whose supersymmetry variation leads to A is 
given by 
C = h~s + 9o-. (4.9) 
The identification of the remaining components of the supermultiplet follows 
straightforwardly from considering successive supersymmetry variations tarting 
with 6,4. It is then crucial to verify that linear combinations of the restricted fields 
independent of (4.8)-(4.9) occur only with appropriate powers of ~, so that they 
can be replaced by derivatives on vierbein and gravitino fields without the need 
for introducing inverse powers of [] or ~. 
We briefly describe the result of this procedure. The supersymmetry transforma- 
tion of A yields a scalar E s' and a tensor T,~ ~ defined by 
E ~' = a. A" ,  
T , j  = at,,h~j ~ - ie , , f ° "  a~4~ ~ . (4.10) 
Note that T,,~ ' is not subject to a Bianchi identity since it consists of a linear 
combination of a curvature and a dual curvature. The fact that E and T are invariant 
under the remnants of the gauge transformations of the 6-index gauge field A~,,...,,, 
(see table 1) is crucial in order to avoid minimal coupling inconsistencies which 
arise when E and T are forced to transform under l oca l  SO(5) [or Sp(4)]. 
The transformations of E and T do indeed lead to the constrained spinor field, 
but in such a way that the corresponding terms can be eliminated by using (4.7) 
without introducing inverse powers of ~'. Both E and T transform into a new 
fermionic omponent 
X ~ = ~(d/~ - ~ysy~' ) ,  (4.11) 
whose variation leads straightforwardly to two new quantities, namely 
D ~' = • (h" -  ~8~'h"U), 
R~ ~' (V) = 0[,, V~1 ~' . (4.12) 
The variation of D "t leads directly to ~'X', so what remains is to verify whether the 
supersymmetry variations of V, f  and 4~,, are expressible in terms of the previous 
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components, thereby avoiding undesirable terms depending on constrained fields, 
or on fields involved in the definitions (4.10)-(4.12) but without the corresponding 
derivative structure. This is indeed the case for 6#. except for terms proportional 
to 0. that can be interpreted as field-dependent Q supersymmetry transformations. 
Also the variation of the conserved vector V. st cannot directly be cast in the desired 
form, but the improper terms can all be written with an overall derivative 0.: 
~v st t - i  [s t] 3.  s t ,  1 st =~et3".3" X -~'3" ~.+~3"  3"./~A)+a. terms, (4.13) 
where ~b,. is the gauge field of S supersymmetry to be defined shortly, This forces 
us to interpret V. s' as the gauge field of Sp(4). 
We now give the supersymmetry transformations of the five-dimensional super- 
conformal theory: 
8C = -½igA , 
8A  x. 1 .vT~ s p.v = ~tlgiCe - ~3" u.,, 3"se + iE"tyste - 2 3" O .A , ,e  , 
1-  • 1 
8.4, ,  = ~e (lff~ + ~3'.A), 
BESt = ~g (_2i3"tsX ,1+ ~3' st/~a) ' 
aT~j= 
avS  = 
8xS = 
1 - $ 1- s 1 i- s R ,..~, 1 . . . .  +~6ey T~OA -ge3"~X --~ e3" .vLt./)--ize3" 3"[p~.]Zt 
1-  [s t] 3.  st 1 st ge(y.3' x -~t3, 4 , .+~y 3"./~A), 
l i o  st 1 po" s ~ 
- 2iEst3"te - trace, 
8D ~' = -¼ig(3"~,X ' + 3"tXs) , 
1.  0o" 641,, = ~.e  + El (23"~y - 3,°"3".)ac4,oe 
+ ~i(%.3"~ +23"~3".)3"seT~ ~ ,
1-  
8h, . .  = ~e (3".ff~ + 3".t#.), (4.14) 
where the gauge field of S supersymmetry is given by 
1 p=(9 a. 1 po" 0 - -  
(~ .  : 3"y .  pq lo"  - -  4.'3"/,L3" p~Jo" ' 
The derivative @. is covariant with respect to dilatations, Sp(4) and Lorentz 
transformations, whereas D .  is the full superconformal covariant derivative. The 
D and S transformations have inhomogeneous terms when acting on some of the 
fields: 
8C = 4Ao,  
8h .v  = -8 . , .A  o , 
8/1 = 4i~1, 
8¢,~ = -V~n. (4.15) 
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Therefore the corresponding covariant curvatures and derivatives acquire extra 
terms at the linearized level: 
R~ (O) = a~,~vj- vE~,4,~, 
D~,A = a~A -4i4,~,. (4.16) 
A noteworthy feature of the d = 5 Weyl multiplet is that it contains central charge 
transformations 8zA~, =O~,z, which are consistent with the conformal algebra 
because they are modified by the presence of the scalar field C: 
1C - [80 (e 1), 8o (e 2)] --> 8~ (~i exp (~)e  2e 1) (4.17) 
One can make C- and A-dependent redefinitions of the fields such that all fields 
except C and A become inert under dilatations and S supersymmetry. Or alterna- 
tively, one imposes a D and S gauge condition C = A = 0. In this way one finds 
the d -- 5 supergravity theory constructed in [10]. Hence this theory and the d = 5 
superconformal theory are simply gauge equivalent. 
In the last crucial step of this reduction a conserved vector was reinterpreted as 
an unconstrained gauge field. In that way the undesirable terms in the supersym- 
metry variation involving inverse powers of ~ could be dropped because they took 
the form of a field-dependent gauge transformation. The reader may wonder 
whether such a trick would not be applicable in the original ten-dimensional theory 
in order to eliminate the differential constraints (3.35), (3.36). More precisely, 
would it be possible to reinterpret the dual curvature/~ (A), subject o the constraint 
(Bianchi dentity) 
0~1~ (A)~,p = 0 (4.18) 
as a gauge field with gauge transformations 
8/~ (A) ,,p = 0E~ p] ? (4.19) 
In this case one could interpret the non-local terms in the supersymmetry variation 
of R(A) as field-dependent transformations of the form (4.19). However, this 
interpretation leads to immediate difficulties; when we apply (4.19) to the variation 
B~, the result does not take the form of a supersymmetry transformation asin the 
five-dimensional case. Hence it seems impossible to introduce the gauge transforma- 
tion (4.19) without affecting the closure of the gauge algebra. One way to overcome 
this difficulty might be the introduction of extra gauge fields, in which case one 
could presumably make contact with the d = 10 superconformal lgebra presented 
in [12]. This interesting possibility to avoid the d = 10 differential constraints 
altogether deserves further study. 
It is clear how the differential constraints are avoided in the reduction. In lower 
dimension the fields split up in a large variety of matter fields and gauge fields, 
which allow one to absorb the differential operators rather easily. The subtle role 
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played by the field strengths which must be reinterpreted in terms of unconstrained 
fields makes it difficult o foresee what happens in the reduction to d > 5 dimensions. 
The reduction to d - -4  proceeds in a similar fashion as to d = 5. The vector 
indices of the four-dimensional Minkowski space are denoted by/~ (/z = 1 . . . . .  4) 
and the remaining ones by s (s = 1 . . . . .  6). Consequently we restrict the ten- 
dimensional Lorentz transformations to SO(3, 1) x SO(6) with SL(2, C) x SU(4) as 
the corresponding covering roup. The definition of the four-dimensional fields is 
indicated in table 2, together with their SO(6) or SU(4) representation content and 
linearized gauge transformations. 
It is useful to redefine ft, and h,~ in a similar way as in (4.6). The lowest 
dimensional scalars and spinor of the theory are now easy to identify, because d = 4 
conformal supergravity is known to have two scalars with zero Weyl weight and 
an S invariant spinor. Hence one starts from the scalars A and B, where the latter 
is defined by 
B = (r + ~h ~, (4.20) 
which both transform into an S invariant spinor A according to 
8(B -2iA) = ½6(1 + y5)A. (4.21) 
The fact that we have two scalar fields at this point is crucially related to the fact 
that the d = 10 conformal theory uniquely selects a 6-index antisymmetric tensor 
gauge field. A 2-index field, which corresponds to a field strength dual to R(A), 
would instead lead to a single 2-index tensor in d = 4, which is conjugate to a 
scalar. It should be clear that the d = 4 and d = 10 conformal supergravities are 
based on unique field representations and that the conversion of tensor gauge fields 
of different rank by duality transformations must take place in the context of field 
theories based on more degrees of freedom such as Poincar6 supergravity. 
TABLE 2 
Decomposition of the d = 10 conformal supergravity fields to four dimensions 
d = 10 d = 4 SO(6) or SU(4) Gauge transformations 
h,~ 1 8h~.~ = a~.~. + a~.  - AoB, .  
h;~ h~. ~ 6 8h," = OvA ~ 
h" 20'+ 1 8h "r = -8~'Ao 
(r (r 1 80" =AD 
A 1 8.4 =0 
A~. ~ 6 8A ,  ~ = a~ s 
Aa l  " " " a~ A~."  15 8A ,v  ~t = 0[~.  ]'~ 
A.  ''~ 20 8A.  ~'" = O,~[~,,] ~" 
6~ G, 4 86,, = a,~e - "/,~n 
4d 20 + 4 8@' = -3,'3,5rl 
A a 4 8A = 
E. Bergshoeff et al. / Conformal supergravity in d = 10 513 
We will return to this in the context of Yang-Mills-Einstein supergravity discussed 
in sect. 5. 
From this point on the identification of the remaining components of the d = 4 
supermultiplet is completely analogous to the d = 5 reduction, and we refrain from 
giving further details. At the end one may rewrite the linearized transformation 
rules in an SU(4) covariant way. In order to do this one must find an SU(4) covariant 
representation f the Clifford algebra generated by the gamma matrices Ys (s = 
1 . . . . .  6). How such a representation can be obtained is explained in [13]. The 
result yields indeed the SU(4) covariant multiplet corresponding to N = 4, d = 4 
conformal supergravity [4]. 
5. The relation with Poincar~ supergravity 
The ten-dimensional superconformal theory is based on the fields e,, ~, ~,,, A,r..,~6, 
h and &. On-shell Poincar~ supergravity [14] can be formulated in terms of the 
same fields. It is also possible to write the Q supersymmetry ansformations of 
the superconformal multiplet in such a way that they take on the same form as the 
Poincar6 supersymmetry transformations, and this was achieved in sect. 3 by 
including a suitable field-dependent S transformation. This shows that in ten 
dimensions there must be an intricate relation between (on-shell) Poincar6 and 
(off-shell) conformal supergravity. In the superconformal theory the algebra (3.37) 
closes on field-dependent superconformal transformations, and on the constraint 
which restricts h. As the transformation rules are the same, the calculation of the 
[Q, Q] commutator in Poincar6 supergravity is identical to the superconformal 
calculation, and therefore both the S parameter in (3.37) and the constraint (3.35) 
should be related to the non-closure terms in the Poincar6 case which are propor- 
tional to the Poincar6 field equations. In the present section we will discuss various 
aspects of this relation between Poincar6 and conformal supergravity. 
Let us begin by considering a counting argument which indicates that this near 
equality of the two theories i a special property of d = 10. In d = 10 the superconfor- 
mal multiplet contains 128+128 components. The super-Poincar6 theory is 
described in terms of fields that consist of 130 bosonic (45, 84 and 1 for e, ~, A~,1...,6 
and ~b, respectively) and 160 fermionic (144 and 16 for ~, and A) field degrees 
of freedom. Therefore, the number of field components of the Poincar6 theory 
(counted as off-shell degrees of freedom) exceeds that of the superconformal 
multiplet. It might therefore be possible to impose restrictions on the Poincar6 
fields without he necessity of going completely on-shell. The counting argument 
also indicates what form these restrictions hould take. One must eliminate 2 
bosonic and 32 fermionic degrees of freedom, which can be done by introducing 
an additional symmetry and a constraint for both fermions and bosons. This then 
yields the superconformal multiplet. It is interesting to note that this particular 
relation between Poincar6 and conformal supergravity holds only if Poincar6 
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supergravity is formulated with a 6-index antisymmetric gauge field. If one uses a 
2-index gauge field to describe the 28 on-shell degrees of freedom, the number of 
bosonic field components i  only 82, which is less than 128. 
In dimensions other than 10 the previous counting argument yields a different 
result: the number of components of Poincard supergravity is always smaller than 
that of the smallest off-shell multiplet containing spin 2. In d = 11 for instance the 
Poincar6 theory is realized in terms of 175 bosonic and 320 fermionic omponents, 
while the smallest off-shell multiplet in d = 11 (or in N = 8, d---4) has 216 com- 
ponents. In extended supergravity in d = 4 the Weyl multiplets (N ~<4) have 
(5 -N)22~ degrees of freedom, while the on-shell Poincard supergravity multiplets 
always have fewer components. The d = 4 result can be understood by reduction 
from d = 10. The d = 10 conformal multiplet gives the N = 4, d = 4 superconformal 
theory, which again has 128 + 128 degrees of freedom. But d = 10 Poincard super- 
gravity gives on reduction the N = 4, d = 4 super.gravity multiplet coupled to matter. 
The pure supergravity multiplet then has fewer degrees of freedom than the 
superconformal multiplet. 
Poincar6 supergravity in d = 10 is described by the lagrangian density 
e -I&~(N = 1, d = 1 O) = -R  (e, oJ (e)) - ½0~F*~'~p (w (e))0~ 
- 4" 7 !dp -12/'R ° (A)*W" 'R  °(A),,,...lal, 7 - -  36AF*'~, (oJ (e))A 
36 a 2 36 
W W 
+ ~,b -6/WR °(A)¢7)(qTfl-'t*'/"¢7)F"l¢~ + 120~r'~TT'~a) 
+ four-fermion terms, (5.1) 
where R°(A)  denotes the field strength of the tensor gauge field A,I...~, 6 without 
supercovariantizations. The lagrangian (5.1) differs from the one in [15, 17] by the 
use of a 6-index instead of a 2-index antisymmetric tensor [14]. The two versions 
are related by a duality transformation aswe will discuss later. Compared to [15] 
A has been redefined with a multiplicative factor and the Poincar~ scalar field has 
been replaced by &-S/w. The derivatives ~,  are Lorentz covariant. Some of the 
(supercovariant) equations of motion are 
v~,,(dp-l~adp)+~7!wdp-~2/~'t~(A) " I ( +½wAF"'I~,..(~O)=0, (5.2) 
/~ (e) + 3-~62 (O-l~,O)2 _ 2.7!¢-12/w/~ (A). /~ (A) = 0, (5.3) 
W 
F~'~,,A =0,  (5.4) 
F ~/~ 36 ~,(~b)---  (O-a~nO)F°F~,A -- 6/'(7)F~,A/~ (A)(7)flb -6/w = 0 .  (5.5) 
W 
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The caret indicates covariantization with respect to the gauge symmetries of 
Poincar6 supergravity; R (e) is the Ricci scalar and R (0) the Rarita-Schwinger field 
strength R~,~ (~b) = Ob,0~ J.
Let us now make the relation between (5.2)-(5.5) and the superconformal algebra 
explicit. We make the gauge choice b. = 0. As one can see from (3.29) the Q (and 
S) transformations must be modified by a compensating K transformation. The 
new Q transformation is 
8'0 = 80 +8~ (A~ 1 _ = -~eO. ) .  (5.6) 
However, the independent fields (except b,) are inert under K transformations, so
that the compensating transformation does not modify (3.34). Since the commutator 
of a O and a K transformation i volves only S, the modification in the algebra 
takes the form of a field-dependent $ transformation: 
[8b(el), 8b(ez)] = as in (3.37) 
_1_ 1 - a t~ 1 - (5 )  t~ 8s(~-~e2F e l f  Fa~ +7--~6e2F e l f  F(5)~Oj.). (5.7) 
To see the relation with the Poincar6 theory we must solve O, from the conventional 
constraint (3.31). One finds 
Substituting (5.8), the parameter of the field-dependent S transformation i (5.7) 
becomes 
1 x s . 1 i2FtS)exF"F(5)] 
n = [ l -~g2F e I(f,F,F - 782) + 64" 1280 
x (F~' I~,(O ) -~- (* - '~b  )F°F,~A -6F(7'F~.A(b-6/'I~ (A)(,)) , (5.9) 
which corresponds to the gravitino equation of motion (5.5). 
In a similar way one can work out the form of the constraints (3.35) and (3.36) 
after the gauge choice b,. = 0 and the substitution of ~b, and [,.". One needs in 
particular [,.~, which is given by 
[,." = ~/~ (e) - ~47"4', • (5.10) 
The resulting equations are 
F"~,A +~(F°~/~(4')  + 36w F"(d'-I~"&)A-3F(7)adP-6/~fi(A)(7)) =0,  
(5.11) 
~,~ (O - a ~,,4, )+ ~w ~./"~7)AO -6/,,/~ (A)~7)+ 2240w4, - ~2/,,~ (A)./~ (A) 
+ ~w(l~ (e ) + 3w--~6 (O-~O )2) = O , (5.12) 
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which correspond to Poincar6 equations of motion. To show this correspondence 
we did not need the equation of motion of A~r..~o nor the uncontracted Einstein 
equations. Of course these equations must hold as well, since they follow from the 
supersymmetry variation of the gravitino field equation (5.5). 
The conformal multiplet contains the same fields as the Poincar6 multiplet, but 
A and O satisfy constraints. It appears therefore that the conformal multiplet does 
not, after all, contain all the fields of Poincar6 supergravity. This apparent dis- 
crepancy was noted previously in d = 5 [10] and d = 10 [8, 15] in the analysis of 
the supercurrents. On the other hand, the conformal multiplet corresponds to a 
massive representation f the d = 10 super-Poincar6 algebra, which should decom- 
pose into massless supermultiplets if uitable covariant restrictions are imposed on 
the fields. One of these massless multiplets contains the same states as Poincar6 
supergravity; therefore it should be possible to give the explicit restrictions which 
lead to the on-shell Poincar6 theory. These conditions are not those one might 
naively expect; as we shall see, the Rarita-Schwinger quation on the S invariant 
combination 0~ + F~A is too strong a restriction and sets the multiplet equal to 
zero. We will obtain the correct covariant conditions by combining information 
from the decomposition f massive into massless multiplets with supersymmetry. 
The decomposition f the massive representations contained in the superconfor- 
mal multiplet into massless representations is 
{44} ~ {35} + ca} + {1}, 
{84}-~ {28} +{56}, 
{128} ~ {56} + {8} + {56} + {8}, 
for the spin-2, the 6-index antisymmetric tensor and the spin-] representation 
respectively. In the on-shell Poincar6 theory the antisymmetric tensor describes 28 
massless states. This is a consequence of the Poincar~ equation of motion 
O'eR (A),xl...A6 = 0. (5.13) 
We will impose the condition (5.13) on the superconformal multiplet. Supersym- 
metry variations of (5.13) will imply further conditions, and together these should 
restrict he superconformal multiplet to the on-shell Poincar6 fields. 
To determine the consequences of (5.13) we consider the linearized conformal 
transformation rules (3.20). We impose the D and S gauge choices ¢ = 1 and A = 0. 
These gauge choices require compensating transformations, which lead to the 
following transformation rules: 
8e ~ _ ! -F  a - - -  2e  g l~ , 
8~b~, =~e + ~(F,,/"(7)- 3F(7)F~,)eR (A)(7), 
3 
8A"r ' '~  =4"  6! gFE"r"~"O"~]" (5.14) 
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The linearized constraints (3.21) take on the form 
F"~a~,gJ~ =0,  R(e) =0.  (5.15) 
Supersymmetry variations of (5.13) combined with the constraints (5.15) now lead 
to the following conditions on ¢~, and e~,a: 
~a[.¢~] = O, 
at~,Rv] ~(e) = O, 
(5.16) 
(5.17) 
where R~,~(e) is the Ricci-tensor. In a suitable gauge (5.16) implies DO~, =0, so 
that one obtains massless representations, but it does not imply the Rarita- 
Schwinger equation. A careful analysis of the conditions (5.15)-(5.17) shows that 
they indeed describe massless states in the representations {56} + {8} corresponding 
to ~O,, and {35}+{1} for e, a. The technical details of this analysis are gathered in 
appendix B. 
The transformations (5.14) show that the Rarita-Schwinger equation for gt~, 
would be too strong a condition. One finds that the Rarita-Schwinger equation 
implies that R(A) ,  and thus the whole multiplet, vanishes, The transformations 
(5.14) should be compared with the supersymmetry variation of gt~, in d = 10 
Poincar6 supergravity. There the two terms containing R(A)  have a relative 
coefficient -2,  which is necessary and sufficient to ensure that the Rarita-Schwinger 
equation implies only (5.13). 
Now that we have clarified the relation between (on-shell) Poincar6 and (off-shell) 
Weyl supergravity, we may also compare their respective coupling to supersym- 
metric matter. The obvious case to consider is d = 10 supersymmetric Yang-Mills 
theory. In fact it has been noted previously that the action for the abelian gauge 
theory when coupled to supergravity was locally scale invariant, and a relation with 
conformal supergravity was suggested [15]. To elucidate this let us first consider 
the coupling of the supersymmetric Yang-Mills theory to conformal supergravity. 
The d = 10 super-Yang-Mills theory contains the fields A,, and a', which both 
belong to the adjoint representation of the Yang-Mills group G. The lagrangian 
is [13] 
.ff = g-2 tr [-~F,,# v'~ + ~?F"g0,,X], (5.18) 
where the Yang-Mills field strength and covariant derivative are defined by 
F.~ =O~,A~-O~A~, - [A~, ,A~] ,  
~,X = a,,X - [A,,, X]. (5.19) 
The first step in the superconformal coupling is to assign Weyl weights to A ,  and 
x. An obvious choice is 
w(A.)  = O, w(x) = 23-. (5 .20)  
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To lowest order, the transformation rules can then be written as 
1-  8A~ = ~eF~x , 
I r, ttvr~ 8X=-~ r~ve, (5.21) 
without he need for modifications with powers of the would-be compensator field 
~b. The scale-invariant action, which is the starting point of the Noether procedure, 
is given by 
.~ = g-2edp6/w tr [~W~,y ~'v +½;~F~X],  (5.22) 
with g the Yang-Mills coupling constant. Since we are considering the coupling of 
an on-shell theory (d = 10 Yang-Mills) to an off-shell supergravity multiplet (d = 10 
conformal supergravity) the transformation rules of the supergravity fields should 
remain unchanged. This means that there are now two ways to proceed from the 
starting point (5.21) and (5.22). On the one hand, one can apply the familiar 
Noether method, which leads to a calculation quite similar to the one given in [15]. 
On the other hand, one can impose the algebra (3.37) on the fields A ,  and X, which 
will require modifications of (5.21). On the field x the algebra will only close 
modulo the x equation of motion. Therefore, as one proceeds with the modifications 
of (5.21), one will unambiguously uncover the modifications to the X equation of 
motion as well. At the end of this iterative procedure the Q variation of the X 
equation of motion will yield the equation of motion of the Yang-MiUs gauge field, 
and the complete action can be reconstructed from there. 
Since A ,  does not transform under Lorentz and S transformations, the commu- 
tator on A ,  is particularly simple. One does not need to modify the transformation 
of A~, itself, but the fully convariant translation and the A-dependent Q transforma- 
tion can be obtained by adding terms to 8X. The resulting variation is 
lr-,~va,~ __ 21 - 21 (2) - 1 (4) - 8X=-~1 r~,e*~e(AX) -~ J  ~ e(kFcE)X)-2~-6ff e(AF¢4)X), (5.23) 
where the superconformal Yang-Mills field strength is
#~ = F,v - ~t~F~p~ • (5.24) 
One now checks that the {Q, S} commutator n x closes as required. After this 
small triumph, it remains to be checked that the {Q, Q} commutator closes as well. 
This is indeed the case, modulo an expression that can be identified with the x 
equation of motion 
~)-3/wl~(~3/wx) +F¢7)xR (A)(7)~ -6/w +31/ - ' .PA  +9/~3)XAFca)A  = 0 .  (5.25) 
The derivative D ,  in (5.25) is again covariant with respect to all gauge symmetries. 
The Q variation of (5.25) leads to 
O b (~b 6/w/~b~ ) + 3Xlr'at,Db(c~6/~X) + 3~b6/W~DaA 
-2ie ~bc"boi~b~b~R (A )b~...~ =0. (5.26) 
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These equations of motion follow from the following action: 
519 
.~ = g-  2e~ 6/w tr [~F~.~F "~ + ~F~'~,  (to, b, A )X 
1-  ~ vp 
+ ~r '~ 'x~(4r '~ ' r "  + 3r~r~3~)~ + ~r~3~x~r~3~x ] 
1 -2  + ½ig-2e "''''"'° tr [F,~,~F~.~jA,,...,,o + ~g e tr [~Ft7) x]R (A )t7) . (5.27) 
Of course one can also directly verify that (5.27) is invariant under all supercon- 
formal transformations. For establishing the invariance under Q transformations 
one needs the constraint (3.35). This constraint is also relevant in order to ensure 
that the gauge fields of conformal supergravity, ft, and h,v, couple to the 
(gamma-)traceless part of the currents J,, and 0,.~. This fact, which we have generally 
discussed in sect. 3, can now be verified explicitly from the coupling terms contained 
in (5.26). To lowest order in the supergravity fields the Noether term is given by 
~N = tr [~F"F  • F ($ .  +F.A)] .  (5.28) 
Due to the constraint (3.15) this can be written in the form 
1 1 
(5.29) 
so that the current f,, that couples to the gauge field ~, is traceless: F • f = 0. In 
a similar fashion one shows that the gravitational field h,v couples to the traceless 
energy momentum tensor 0,.~. 
Since the Q-supersymmetry ansformations of the superconformal fields coincide 
with the supersymmetry variations of on-shell Poincar6 supergravity, there must 
be a close relationship between our results and those of Yang-Mills-Einstein 
supergravity. Chamseddine [14] has given the action and transformation rules for 
the latter up to quartic fermionic terms. Even although our results have been 
obtained in an entirely different context, (5.27) is in complete agreement with his 
results. Similar results exist for Yang-Mills-Einstein supergravity in the formulation 
based on a two-index gauge field [18]. The two versions are related by a duality 
transformation. For the abelian theory this was demonstrated in [15], and we briefly 
indicate its non-abelian extension here. After combining the lagrangians (5.1) and 
(5.27) we write Ft,~Fp~] as the derivative of the Chern-Simons form 
tr Ff,~Fp~] = ~Ot.,1 tr [AvF~] + ] A ~ApA~,3] (5.30) 
After a partial integration the dependence on the six-index gauge field is now 
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contained in its field strength R°(A) .  We give the relevant erms: 
~YME =-4"  7!ec~-12/WR°(A )(7)g°(A )(7) 
+ ½g-2R°(A )~,r..~,~ tr [exl"~l""~7 X +! .  u.t'"U.lo 2 
+ R °(A)- independent terms. (5.31) 
The action corresponding to (5.3[) is equivalent to 
~t  3__ . t -12/w{.  ,~2 3 #l~vp~ A 
-~ 4g~ [~l.~vp) - -  2eL  op..t"Xvp 
- tr 
- eg- , qEt tr + +. . . ,  (5 .32)  
where we have introduced two antisymmetric fields A.~ and t.~ o. The first one is 
a gauge field, whose field equation implies that t~,~p isdivergence free: a. (et "~p) = O. 
Therefore t.~p can be written as 
t~vo 2 /-~. - I  ~vp~c..crT~ A = "~v zle e I~Yo-ld-lo-2...o- 7 
=~vzte  e ix ~r . .~ ,~,  (5.33) 
whose substitution leads back to (5.31). Alternatively one can also solve the field 
equation for t~,~,; the result is 
+g-22~,/24~x2/w trL~F,~oX + 3(At , ,F ,  oa+~At,~A.Ao3)]. (5.34) 
Substitution of (5.34) yields the results obtained in [14, 18]. Note that the invariance 
of (5.32) under the non-abelian gauge transformations requires that A~., is not 
inert; under these transformations one finds 
avMA,~ = -¼42g -~ tr [AOt,m,a], (5.35) 
where A denotes the (Lie-algebra valued) infinitesimal parameter of the gauge 
transformation. A noteworthy feature of the transformations (5.35) is that they fail 
to close within the set of Yang-Mills transformations. Considering the commutator 
of two Yang-Mills transformations with parameters A x and A 2 one finds 
[dvM(A ~), 8yM(A2)]A~v = -4Lf2g-2{tr [[-.4.2, A ~]at,A~I] + ate, tr [[A2, A ~]A~]]}, 
(5.36) 
where the first term is implied by the structure of the Yang-Mills group, and the 
second one represents a tensor gauge transformation f A~,~. 
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Hence we have established that, although the lagrangian (5.27) has been construc- 
ted in the context of conformal supergravity with fields & and h subject to differential 
constraints, one can make direct contact with results derived for matter couplings 
in (on-shell) Poincar6 supergravity. We should emphasize that the conformal theory 
uniquely selects a six-index gauge field. The conversion of a s/x-index into a 
two-index gauge field can only take place within the context of Poincar6 super- 
gravity. 
6. Towards Poincar~ supergravity 
In the standard approach by which Poincar6 supergravity is obtained from 
conformal supergravity one introduces a number of compensating supermultiplets. 
The resulting field representation is then shown to be gauge equivalent o an 
irreducible representation of Poincar6 supergravity. In principle this procedure 
works in ten dimensions, except hat one expects to be left with fields that are still 
subject o differential constraints. Hence, although one may systematically construct 
invariant actions for Poincar6 supergravity, those will usually not be defined in 
terms of unrestricted fields. 
On the other hand we may further explore the close relationship between the 
Poincar6 and superconformal fields by rewriting the Poincar6 supergravity action 
(5.1) using superconformal notions. This can be done directly by introducing two 
compensating fields, a scalar field A associated with dilatations and a chiral spinor 
~: with S supersymmetry. We choose the following D and S transformations for A 
and ~:: 
8,4  = 8AoA , 
8~: = 4A~ + ~Ao~:. (6.1) 
The Weyl weight of A and the $ supersymmetry variation are entirely a matter of 
choice whereas the Weyl weight of ~ follows from the [D, $] commutator; the 
essential feature is that ln A and A-I~: transform under D and $ with an 
inhomogeneous term which is characteristic for a compensating field. The Poincar6 
fields are now written as D- and $-invariant combinations of the superconformal 
and compensating fields: 
(ea)Poinc~r6 
(~t~) pOincar6 
(A u.t...~t6) P°incar~ 
= A + ' 
= Am. . .  ~ , 
(&)Poi.c~6 =A-  w/s4). (6.2) 
The Poincar6 transformations of the Poincar6 fields on the left-hand side of (6.2) 
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can now be compared to the superconformal transformations acting on the right- 
hand side of this equation. In this way one identifies all superconformal transforma- 
tions of the compensating fields. In particular the Q-supersymmetry transformations 
are 
8A =~s ~, 
+ ~2F% AF~(f - 2~6or~S)e AF~5)~. (6.3) 
If we now substitute (6.2) into the Poincar6 supergravity lagrangian (5.1) then the 
corresponding action is expressed in terms of superconformal fields and two com- 
pensators and it is formally invariant under all the superconformal symmetries. 
Explicit substitution thus leads to the following supergravity lagrangian: 
e -1.Lie = A C + ~gt _ ld~, r "A ~,  (6.4) 
where C and gt are defined by 
C = ¼O-4/w[]O4/w + 4A&-4/w~(O4/wA) + 22400-12/~ (R(A)) 2 , 
= -20  -4/wD(04/~A ) + 2F(7)AR (A ) (7 )0  -6/w. (6.5) 
These expressions, which depend only on the superconformal fields, turn out to 
correspond to linear combinations of the differential constraints (3.35), (3.36) which 
must be imposed in order that the superconformal fields define an off-shell field 
representation. However, for the moment we are not basing ourselves on such a 
representation, a d we are essentially only rewriting the Poincar6 theory. We should 
add that the invariance of (6.4) can, of course, also be verified independently b
direct application of the transformation rules (3.34) combined with (6.3). One then 
needs the transformation rules of C and ~ that are induced by (3.34) [simply 
ignoring the constraints (3.35), (3.36)], which take the form 
a~t, = -Ce  - ~e  (Xq') - 9ra~e (XF~2~) 
1 - 1 - (7) -6/w 8C=- -~e~-~e[ '  ~0 R (A)~7) 
+ l~sgF(3) ~XF(3)A - 3~ ~.  (6.6) 
The lagrangian (6.4) is linear in the compensating fields A and ¢. Therefore the 
equations of motion of A and ¢ imply that qt and C vanish on-shell. This should 
not come as a surprise because we have already seen in sect. 5 that 1/" and C are 
intimately related to Poincar6 field equations, and (6.4) follows directly from (5.1). 
To proceed beyond the on-shell Poincar6 theory and (6.4) we must first extend 
the compensating fields A and ¢ to a complete multiplet of Lagrange multipliers, 
and correspondingly we must also extend the multiplet based on the combinations 
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(6.5). We first note that A and ~ form the beginning of a scalar (chiral) multiplet. 
It is in principle straightforward to determine the superconformal transformation 
rules of a scalar multiplet in a superconformal background. Its first few components 
are a scalar A, a chiral spinor ~, an antisymmetric tensor T, bc and an antisymmetric 
spinor A~b which transform under Q and S supersymmetry as 
8~ = ~Ae + F(3) e T(3) + ~rae Xra~ + ~d"(3) e XF(3)~ 
1 - lr"(5)E ~./" z" 1 - 2-gg-ol (5)~ + ~woA¢/, 
= - ~- -~e~F~ + ~Fc~A bc 1 8Tabc 1 - 
1 - 9 + i-~e (~(t~A)eabcA + Fabc (t~A)A) 
Wo f (9(~ b_l/~b)Fa~Ah + F~bc (~b -1E~b)AA )
192w 
1 9 1 
+-9-~W E (~(d)- ~(~ )l"abc~ + Fabc(~)-1~[¢~ ) ) +. . .  
+ ~(Wo - 8)~Fabc~, (6.7) 
where Wo is the Weyl weight of the multiplet, and Aab satisfies FaAab = O. 
Our arguments indicate that one needs at least a scalar multiplet of Lagrange 
multipliers. Since the lagrangian (6.4) must retain its structure when we include 
further components of the multiplier multiplet we conclude that also the expressions 
(6.5) should somehow generalize to at least a scalar multiplet*. At this point we 
realize that this multiplet is the supersymmetric extension of the constraint equations 
of conformal supergravity. To include the full multiplet herefore corresponds to 
relaxing the constraints in order to obtain an unrestricted field representation 
consisting of the superconformal fields combined with an extra submultiplet. When 
the latter is put to zero we recover pure conformal supergravity as presented in 
sect. 3. 
It is in principle straightforward to extend the field representation according to 
the above arguments and find an off-shell formulation for Poincar6 supergravity. 
If one assumes that the submultiplet is precisely a scalar multiplet hen the rep- 
resentation coincides with the fields that couple to the Yang-Mills supercurrent. 
Consequently one should be able to make contact with the off-shell version of 
linearized Poincar6 supergravity obtained recently by Howe et al. [9]. The 
lagrangian (6.4) then generalizes as the product of two scalar multiplets 
f d l6OS(x,  O)tib(x, 0 ) ,  (6.8) .~= 
* We note that this observation is consistent with the fact that on-shell Poincar6 supergravity is
described by a scalar multiplet as well [19]. 
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with proper non-linear modifications, where S(x ,  0) is the multiplet of Lagrange 
multipliers and ~(x, 0) the multiplet ending with ~ and C. In components we thus 
obtain 
e-I.L~,=AC +~ + ~ ,~t,~ - I abcU +AabX ab + • • " 
- 147,F" (A q* + A/'~(3)U(3)~ +" " ' )  +'"  ", (6.9) 
where u and X are the fields belonging to qb that are conjugate to T and A. In 
(6.9) C and q* are no longer given by (6.5) and one should be prepared to include 
further modifications depending on the lower dimensional components of ~ and 
the superconformal fields. 
Before giving some of these modifications we must first relax the constraint 
• (x, 0) = 0 in the superconformal field representation. Previously the superconfor- 
mal algebra closed on all the fields except ~b~, where one had to rely on the constraint 
~F = 0. Therefore, ignoring the constraint forces us to introduce a field of q~(x, O) 
into the Q variation of ~h,, which must transform into ~F. Inspection of the scalar 
multiplet shows that this field must be u~b~, which varies into ~F according to 
8Uabc = --~["abclP " • (6.10) 
The corresponding variation of t#~ which leads again to a closed algebra as far as 
terms proportional to ~ are concerned is now uniquely given: 
8 newdt  1 abc  abc  =~(4F .F  +9F  F~,)eUab~ (6.11) • +,/j. 
It should come as no surprise that (6.11) coincides with the linearized transforma- 
tions that follow from the Yang-Mills supercurrent [15]. The field Uab~ couples tO 
the Yang-Mills current r (~FOb~x). 
Of course, there are many new terms in the transformation rules. We have 
determined the following contributions: 
new 1 (3) (3) 3 - a 1 . . .a  s 8 qJ,.=3-~(4F~F +9F  F~)eu(3) -5 -v f6eF  ~,Fa,...,,3X,,.,,~, 
new 1 - -  6 / w - r ,  
8 Ag . , . . .~ .  6 = - -~¢p E l  [ t t l . . .~,4X~.s~,6]  , 
8Xab = --721,1-" ¢]~,aMr,¢3) + 3F(3)F~b + 3FEaF(3)Fb3)eu(3) , 
-- 3 -  
8U~bc = --e F~bc ~ + ~et~FC,,X b~1. (6.12) 
To find (6,12) one must take into account hat the algebra of superconformal gauge 
transformations is now also modified by terms depending on the components of 
• . We have established the presence of the modifications 
[8o(el), 1 -  ab (3) 2F(3)l-,ab 8o(e2)]~SM(~e2(2F F + +9F[aF(3)Fb])elu¢3))  
3 -- a l ' . *a  5 + 80( -5 - iT6e2F e rF~l .a3X, ,~) .  (6.13) 
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This in turn implies that the transformations (6.7) of the scalar multiplet acquire 
extra terms in order to implement the modified algebra. We record some of the 
additional terms: 
8•new 3 r~'al...a 5 ~'r'~ = --1-"~'4--01 E~I al...aaXa4a 5 , 
new 1 - (3 )  12  - (3 )  
8Tabc- -TO-~(eFabc I "  ~U(3)+5-e / " [ab / "  Fc]~U(3)) 
47 - 3 - a l . . .a  s -- 
3840 E ~U abc - + ~ AFab~F e~Far. "aaXa4as (6.14) 
Taking into account he new variations (6.12), (6.14) it is then possible to explicitly 
obtain additional contributions to the lagrangian (6.9). Requiring invariance one 
finds that the extra terms can be accounted for by the following redefinition of C 
and gr: 
cnew .,..~ old 1 / x2 ,  
~- I.~ -- ~ l ,  Uabc ) -I- • • " , 
~new . r .o ld .  19 ~(2)  r~(3) . ± 
~- ~ - t -15-~-~1 1 X(2)u(3)T"  ' " • (6.15) 
Note in particular the absence of /~(A)  • u modifications in C and Au terms in ~. 
The lagrangian (6.9) with the substitutions (6.15) remains gauge equivalent to 
the Poincar6 supergravity lagrangian, where we have now also included some of 
the auxiliary fields. This result may be compared to that of [9], for instance after 
imposing the gauge conditions A = 1, ~=0.  Of course, the structure of the 
lagrangian is quite different from the one presented in [9]. In the superconformal 
framework the kinetic terms of the Poincar6 fields are implicitly contained as 
covariantizations in C and ~. Therefore, we do not need an additional term in the 
action to generate the kinetic terms. To make the correspondence more precise 
we remind the reader that in [9] the Poincar6 fields were described by an unrestricted 
superfield V~bc subject o certain gauge transformations. The highest dimensional 
component of V~bc can be identified with uabc, whereas the scalar submultiplet 
corresponds to 19F"bCD Vab c. 
Hence we have presented a new method for constructing Poincar6 from conformal 
supergravity. Of course, a full completion of our results along the lines above is 
extremely difficult in view of the large number of fields. Therefore, it may be useful 
to recast some of our methods in superspace form, before attempting a full 
determination of the theory. 
We are grateful to A. Van Proeyen for stimulating and informative discussions. 
For two of us (E.B., B.d.W.) this work is part of the research programme of the 
"Stichting voor Fundamenteel Onderzoek der Materie" (F.O.M.). 
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Appendix A 
GAMMA MATRICES IN TEN D IMENSIONS 
The 32 x 32 Dirac matrices Fa (a = 1 . . . . .  10) are defined by the property 
{Fa, Fb} = 28~b. (A.1) 
In this appendix we shall gather a number of useful properties of the F-matrices. 
The completely antisymmetric product of n F-matrices is denoted by 
F~v..~.~Fra,F~2"" Fa .~- (1 /n! )Y . ( -1 )ep~f~2 ". .F~. .  (A.2) 
P 
When the index-structure is obvious from the context we often write F( ,)= F~ 1 ..... .
The set of matrices Oi, 
Oi = {1, Fro, iF<2~, iFca>, F(4) . . . . .  iFuo~}, (A.3) 
forms a complete set and satisfies 
tr O~O~r = 328u. (A.4) 
This leads to the Fierz rearrangement formula 
5 
O~ = -~ • (a Jn  !)F~"~(AF~,)¢), (A.5) 
n=0 
with a0 = al  = a4 = 2 ,  a2 = a3 = -2 ,  a5 = 1. 
Throughout his paper we use spinors which are both Majorana (~ = Arc )  and 
chiral (FllA = ±a).  The antisymmetric charge conjugation matrix C satisfies 
(Fa) r = -CF~C -1 , for a = 1 . . . . .  11. (A.6) 
In analogy to d = 4 we have defined Fl l  = iFuo), which has the properties 
r l l r l l  = 1, {Fll, F.} = 0.  (A.7) 
The introduction of r~l allows one to express Fc,) in terms of Fu0-,). This duality 
relation reads 
Fay . . . .  -~  i ( s , / ( lO -  n )!)ear..a,br..blo_ rb l ""b l°~"F l l  , (A.8) 
with s, = +1 for n = 1, 4, 5, 8, 9 and s, = -1  for n = 2, 3, 6, 7, 10. 
Products of F-matrices can be rewritten as a sum of independent terms. The 
basic multiplication is
F , , . . . , f  b = Fa, ..... b +nFt ,  ~ ...... ,8~.] . (A.9) 
Repeated use of (A.9) gives the result 
rain (n.m )
. . . . . .  m ro,. .... rb ,b== Z (-1)~"+~-~/~(~)(7)k~a[~;...~r,~+,. .... ' ~ ~, (A.IO) 
k=O 
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valid only for m + n ~< 11. If m + n > 11 one uses (A.8) for both F~n) and F¢m) before 
applying (A. 10). 
One of the more frequently occurring calculations with F-matr ices is the product 
E rbc"bmr ac''a" ,,~ ..... = n !c(n, m )F bc''bm (A.11) 
The coefficients c (n, m) satisfy the recurrence relation 
nc(n ,m)=( - ) " -~c(1 ,  m)c (n - l ,m)+(12-n)c (n -2 ,  m) ,  (A.12) 
and the identities 
c(n, 10-m)  = (-)nc(n, m) ,  
c(10-n ,  m) = (-)"+m*lc (n, m) .  (A.13) 
Table 3 gives the coefficients c(n, m)  for n, m < 5. Eq. (A.13) then determines c
for other values of n and m. 
Appendix  B 
DEGREES OF FREEDOM OF ON-SHELL POINCARI~. SUPERGRAVITY 
The conformal multiplet, in the form (5.14), can be subjected to the covariant 
conditions 
o~g (A)~,Ax...x~ = 0 ,  (B. 1) 
Ot,,R~]x (e) = 0 ,  (B.2) 
0t~, ~'4~1 = 0.  (B.3) 
The conformal fields already satisfy the constraints 
R (e) = 0 ,  (B.4) 
/-'"~0.0~ = 0 .  (B.5) 
TABLE 3 
The coefficients c(n, m) defined in (A.11) 
0 1 2 3 4 5 
0 1 10 -45 -120 210 252 
1 1 -8 -27 48 42 0 
2 1 6 -13 -8 -14 -28 
3 I -4 -3 -8 -14 0 
4 1 2 3 8 2 12 
5 1 0 5 0 10 0 
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The conditions (B.1)-(B.5) are consistent with the transformation rules (5.14). The 
degrees of freedom which remain when these conditions are imposed correspond 
to those of the on-shell Poincar6 theory. 
Consider first the spin-2 field of the conformal theory, which can be represented 
by a symmetric tensor h~v [cf. (3.11)]. In terms of h~v the Ricci tensor is 
Rc~(e ) = ½(I-]hc~ + O~O~hop - 2c3o0(ch~)o) . (B.6) 
We must show, that (B.2) and (B.4) restrict h~ to the degrees of freedom of 
massless pin-2 and spin-0. To do so it is convenient to go to momentum space, 
and to decompose ach vector index in the independent vectors p~ =(p,  Pl0), 
/ic = (p, -plo) and the 8 transverse polarization vectors e / ,  i = 1 . . . . .  8. Of course 
p • e i = p .  e i = 0, but p • p # 0. In this decomposition hey can be written as 
i j i - - - 
h~v = a~ie ce ~ + b~e (~p~) + cp,,pv 
+ die I~,P~) + ep(cPv) +fp ,pv .  (B.7) 
The components along Pc correspond to gauge degrees of freedom, and drop out 
of (B.2) and (B.4). Hence we can choose di =e =f= 0. The equations (B.2) and 
(B.4) now take on the form 
2 ~ i j 1 i - i - - - 
P Pt~, ta~je ~le ~ + ~bi (e ~]Px + e xP~) + cP~l Px) 
-P  "PPxPt, (½hie iv I + c/~a) = 0,  (B.8) 
p2(a,  +cp 2) - (p  •/~)2c = 0. (B.9) 
From the independence of the tensorial structures in (B.8) we deduce that c and 
bi must vanish. One then concludes that the remaining degrees of freedom are 
massless and represented by the symmetric matrix ali, which has ~(d-2) (d -  1) 
elements. Its trace represents the spin-0 state and its traceless part the states of a 
spin-2 particle. 
Had one imposed the Einstein equation, which implies that (B.6) vanishes, then 
the trace of a~j would have vanished as well. This is caused by the second term in 
(B.6), which drops out in (B.2). So clearly the Einstein equation would be too 
strong a condition on the multiplet. In any case, it is not consistent with the 
transformation rules (5.14). 
For the conformal gravitino ne makes a decomposition similar to (B.7): 
+p,v  +pcW.  (B.10) 
Again the components along Pc correspond to gauge degrees of freedom, and we 
can choose w = 0. Eqs. (B.3) and (B.5) take on the form 
p[~,e iv lPU i "a t- Pt~,P~ ll~V = 0, (B. 11) 
F""  (pce i~,ui + p,~ff,,v ) = 0. (B.12) 
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From the independent s ructures in (B.11) we conclude that 
pu l  = pv  = 0, (B. 13) 
and the constraint (B.12) then implies that 
v =0.  (B.14) 
So ~,, is now restricted to the 8 independent Majorana-Weyl spinors ui, satisfying 
pu~ = 0. Using an explicit form of the F-matrices it is not difficult to show that this 
condition halves the number of independent components in each spinor (i.e. for 
each value of i) so that we have obtained 64 massless pinor degrees of freedom. 
One finally writes the 8 independent spinors in the form 
s =~¢iu i ,  (B.15) 
corresponding to the 8 degrees of freedom of a spin-½ particle, and 
sl = (8~ -~e'~'i)uj, i = 1 . . . .  ,8 ,  (B.16) 
which, since e"si vanishes, represents the 56 degrees of freedom of a spin-23- particle. 
Note that the Rarita-Schwinger quation for ~,  implies that (B.15) vanishes as 
well, so that in that case only the spin-23- degrees of freedom remain. 
Finally consider (A.1). We decompose the 6-index gauge field as 
A~,~...x,~ . . . .  e~,~ 8xdaia..i6+e[~.li6 i . . . exspxdbi~. . . i5  , i s  - (B.17) 
where components along p,, have already been set equal to zero. In momentum 
space (B.1) takes on the form 
- i i s 
p 2AA~. . .~,6-p  "pet~ • • • e ~sp~bi l . . . i s  = 0. (B.18) 
We conclude that the matrix b~1...~5 must vanish. The remaining degrees of freedom 
are massless and contained in the antisymmetric matrix a~l...i,, each index taking 8 
values. Therefore, A~...~ 6, restricted by (B.1), indeed describes 28 massless tates. 
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